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p-Laplace evolution equations with the
external forces
We study the interior Hölder regularity problem for the gradient of solutions of the p-
Laplace evolution equations with the external forces. Misawa gave some conditions for the
Hölder continuity of the gradient of solutions. We show Hölder estimates of the solutions
with weaker condition as for Misawa.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
We consider the following p-Laplace evolution equations:
{
∂tu − div
(|∇u|p−2∇u)= div f , t > 0, x ∈ Rn,
u(0, x) = u0(x), x ∈ Rn, (1.1)
where p > 2nn+2 is a constant, u : (0,∞) × Rn → R is unknown, f : (0,∞) × Rn → Rn and u0 : Rn → R are given external
and initial data. It is well known that a classical solution of (1.1) does not generally exist. Hence we introduce the notion of
weak solutions.
Deﬁnition 1.1. For u0 ∈ L2(Rn) and f ∈ L
p
p−1 ((0,∞) ×Rn), we call u a weak solution of (1.1) if there exists T > 0 such that
(1) u ∈ L∞(0, T ; L2(Rn)) with ∇u ∈ Lp(0, T ; Lp(Rn)); and





















f · ∇ϕ dτ dx.
For the existence of a weak solution is shown by Browder [1], Ladyženskaja, Solonnikov and Ural’ceva [7] (cf. Ôtani [10]).
In this paper, we study the Hölder continuity of ∇u, particularly, we show a relationship between the Hölder continuity of
∇u and the regularity of the external force f .
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Misawa [8] showed the Hölder continuity of ∇u if f is locally Hölder continuous with respect to t and x. In this paper, we
give a weaker condition of the external force f for the Hölder continuity of ∇u than the condition given by Misawa.
To state the main theorem, we introduce some notation. For t0 ∈ R and R > 0, we write an open interval I R(t0) :=
(t0 − R2, t0). For x0 ∈ Rn and R > 0, we denote the n-dimensional open ball with radius R and center x0 by BR(x0). We
deﬁne a parabolic cylinder Q R(t0, x0) by Q R(t0, x0) := I R(t0) × BR(t0). For an integrable function f on a measurable set A,
we denote an integral mean ( f )A by




Theorem 1.2. Assume that for some constant K > 0 and γ > n + 2, the external force f satisﬁes
∫ ∫
Q R (t0,x0)
∣∣ f − ( f (t))BR (x0)
∣∣ pp−1 dt dx K Rγ (1.2)
for all (t0, x0) ∈ (0,∞)×Rn and 0< R < 1 satisfying Q R(t0, x0) ⊂ (0,∞)×Rn. Let u be a weak solution of (1.1). Then ∇u is Hölder
continuous with exponent γ > 0 depending only on n, p, γ . Furthermore, for all ε > 0, there exists a constant C > 0 depending only
on n, p, γ , K , ε and ‖∇u‖L∞((0,∞)×Rn) such that
∣∣∇u(t, x) − ∇u(s, y)∣∣ C(|t − s| γ2 + |x− y|γ ),
for all (t, x), (s, y) ∈ (ε,∞) ×Rn.
Remark 1.3. If f is Hölder continuous in (0,∞)×Rn , then the assumption (1.2) holds. Furthermore, if ∇ f ∈ Lr(0,∞; Lq(Rn))
with 2r + nq < 1, then the assumption (1.2) holds. Thus, we need not the assumption that f is Hölder continuous with respect
to t .
Remark 1.4. The assumption that ∇u belongs to L∞((0,∞) ×Rn) can be replaced by the assumption that for some M > 0,
∫ ∫
Q R (t0,x0)
|∇u|p dxdt  MRn+2−σ (1.3)
for suﬃciently small σ > 1 and for Q R(t0, x0) ⊂ (0,∞) × Rn , namely Morrey regularity for |∇u|p . If the external force f
is in the space of functions of bounded mean oscillation, then ∇u ∈ Lr((0,∞) × Rn) for all r > p by Misawa [9] and the
assumption (1.3) holds. Since the assumption (1.2) implies the boundedness of mean oscillation of f , the boundedness of
∇u is not an essential assumption.
Remark 1.5. We only treat the case p > 2 in this paper since we may obtain the Hölder continuity of ∇u for the case
2n
n+2 < p < 2 by almost same argument. Especially, we may show the Morrey regularity of |∇u|p for the case 2nn+2 < p.
Furthermore, even for the case 1 < p  2nn+2 , we may also show the local Hölder continuity of ∇u by assuming the Morrey
regularity of |∇u|p (cf. Choe [2]).
At the end of this section, we introduce further notation. For a parabolic cylinder Q R(t0, x0), we deﬁne a parabolic
boundary ∂p Q R(t0, x0) by
∂p Q R(t0, x0) :=
({
t0 − R2
}× BR(x0))∪ (I R(t0) × ∂BR(x0)).
For (t, x), (s, y) ∈ R×Rn , we write a parabolic distance distp((t, x), (s, y)) by
distp
(
(t, x), (s, y)
) := max{|t − s| 12 , |x− y|}.
For A, B ⊂ R×Rn , we write a parabolic distance distp(A, B) by







We denote a constant depending on α,β, . . . by C(α,β, . . .). The same letter C will be used to denote difference constants.
We use subscript numbers if we consider the relation between the constants.
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From Remarks 1.4 and 1.5, we may assume without loss of generality that p > 2 and the boundedness of the gradient of
the solution. By the scaling argument, we only consider (t0, x0) ∈ (1,∞) × Rn and we will show the Hölder continuity at
(t0, x0). We abbreviate the center of open balls and parabolic cylinders.
For R < 1, we consider the following reference equation:{
∂t v − div
(|∇v|p−2∇v)= 0, (t, x) ∈ Q R ,
v = u, (t, x) ∈ ∂p Q R . (2.1)
For the existence of a solution of (1.2), we refer to Ladyženskaja, Solonnikov and Ural’ceva [7, Theorem 6.7 on p. 466].
Lemma 2.1. There exists a constant C > 0 depending only on n, p such that∫
BR
(v − u)2 dx|t=0 +
∫ ∫
Q R
|∇v − ∇u|p dt dx C
∫ ∫
Q R
∣∣ f − ( f (t))BR
∣∣ pp−1 dt dx.





∂t(v − u)2 dt dx+
∫ ∫
Q R





f − ( f (t))BR
) · (∇v − ∇u)dt dx.
We utilize algebraic inequalities
(|p|p−2p− |q|p−2q) · (p− q) C0|p− q|p,
which hold for all p,q ∈ Rn , where C0 is a positive constant depending only on n, p (cf. DiBenedetto [3, Lemma 4.4 on





∂t(v − u)2 dt dx+ C0(n, p)
∫ ∫
Q R





f − ( f (t))BR




∣∣ f − ( f (t))BR
∣∣ pp−1 dt dx
)1− 1p (∫ ∫
Q R







|∇v − ∇u|p dt dx+ C1(n, p)
∫ ∫
Q R
∣∣ f − ( f (t))BR
∣∣ pp−1 dt dx. 
Remark 2.2. When 1< p < 2, we utilize the following algebraic inequalities:
(|p|p−2p− |q|p−2q) · (p− q) C0|p− q|2(|p| + |q|),
which hold for all p,q ∈ Rn , where C0 is a positive constant depending only on n, p.
The following lemma is given by DiBenedetto [3].














Using Lemma 2.3, we obtain the following lemma:




|∇v| C{K 12 R 12 (γ−n−2) + ‖∇u‖ p2L∞((0,∞)×Rn)}. (2.2)
In particular, |∇v| is bounded on Q R
2
.
Proof. By Lemma 2.1 and the assumption (1.2), we have∫ ∫
Q R
|∇v|p dt dx C(p)
(∫ ∫
Q R








∣∣ f − ( f (t))BR




K Rγ + |Q R |‖∇u‖pL∞((0,∞)×Rn)
)
.
Using Lemma 2.3, we obtain (2.2). 




|∇v| C(K 12 + M 12 )R− σ2 .
The next lemma is given by DiBenedetto [3].
Lemma 2.6. (See DiBenedetto [3, Theorem 1.1′ on p. 256].) For 0< δ < 1 and R < 1, there exist constants α0 > 0 and C > 0 depending

















Using Lemma 2.6 we will show the following lemma:




















)  8Rδ‖∇v‖L∞(Q R1−δ
2
).
Otherwise, if 0< Rδ < 14 , then
dist(Q R
2





































})α0 Rδα0 . 
We slightly modify an iteration argument, since the monotonicity of the oscillation of ∇u is not easily obtained.
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Proof. Let r < 1 be chosen later and for R  R0, let ρ = rR . Then by the assumption we have
φ(rR) A1rαφ(R) + BRβ .
We ﬁx β < γ < α and we put r = r0 satisfying A1rα0  rγ0 . Then
φ(r0R) A1rα0 φ(R) + BRβ  rγ0 φ(R) + BRβ.
























 rkγ0 φ(R) + rkβ0
BRβ
rβ0 − rγ0


























Proof of Theorem 1.2. Fix 0< ρ < R < 1. Then
∫ ∫
Qρ
∣∣∇u − (∇u)Qρ ∣∣p dt dx C(p)
(∫ ∫
Qρ
|∇u − ∇v|p dt dx+
∫ ∫
Qρ






|∇v − (∇v)Qρ |p dt dx. Either if 0< ρ  R2 , then by Lemma 2.7
∫ ∫
Qρ








+ C(n, p)‖∇v‖pL∞(Q R1−δ )
(
1+max{1,‖∇v‖ p−22L∞(Q R1−δ )
})pα0 Rn+2+pδα0 .
2 2
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Qρ













∣∣∇v − (∇v)Q R ∣∣p dt dx.
Since ∫ ∫
Q R
∣∣∇v − (∇v)Q R ∣∣p dt dx C(n, p)
∫ ∫
Q R
|∇v − ∇u|p dt dx+ C(n, p)
∫ ∫
Q R
∣∣∇u − (∇u)Q R ∣∣p dt dx,
we obtain∫ ∫
Qρ

























|∇v − ∇u|p dt dx. By Lemma 2.1, we have∫ ∫
Q R
|∇u − ∇v|p dt dx C(n, p)K Rγ .
Therefore, by (2.3), we obtain
∫ ∫
Qρ






∣∣∇u − (∇u)Q R ∣∣p dt dx












+ C(n, p)K Rγ . (2.4)
Since γ > n + 2, we can apply Lemma 2.8 for φ(ρ) = ∫∫ Qρ |∇u − (∇u)Qρ |p dt dx and we obtain∫ ∫
Qρ
∣∣∇u − (∇u)Qρ ∣∣p dt dx Cρn+2+pγ
for some γ > 0. Therefore ∇u is Hölder continuous with exponent γ > 0. 
Remark 2.9. If the assumption (1.3) holds, then we can modify the estimate (2.4) by
∫ ∫
Qρ






∣∣∇u − (∇u)Q R ∣∣p dt dx
+ C Rn+2+pδ− σ2 (1−δ)p + C Rn+2+pδα0− σ2 p(1−δ)(1+ p−2p α0) + CK Rγ .
Therefore for suﬃciently small σ > 0, we obtain
∫ ∫
Qρ






∣∣∇u − (∇u)Q R ∣∣p dt dx+ C Rn+2+pγ
for some γ > 0 and we can apply Lemma 2.8.
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